Abstract. A Hilbert operator T is * -paranormal iff T * x 2 ≤ T 2 x x , for all x ∈ H. We proved an asymmetric Putnam-Fuglede theorem for * -paranormal operators, i.e. if A ∈ B(H) and B ∈ B(H) are * -paranormal operators and AX = XB * for some X ∈ B(H), then A * X = XB. Moreover, we gave a new counterexample for an asymmetric Putnam-Fuglede theorem for paranormal operators.
Introduction
Throughout this paper, H denotes an infinite dimensional complex Hilbert space with inner product ·, − and B(H) denotes the algebra off all bounded linear operators acting on H. Spectrum, point spectrum, residual spectrum, continuous spectrum and approximate spectrum of an operator T will be denote by σ(T ), σ p (T ), σ r (T ), σ c (T ), σ ap (T ), respectively. The kernel and the range of an operator T will be denote by kerT and R(T ).
For any operator T ∈ B(H), set, as usual |T | = (T * T ) 1/2 and [T * , T ] = T * T − T T * (the self-commutator of T ), and consider the following standard definitions: T is hyponormal if |T * | 2 ≤ |T | 2 (i.e. if [T * , T ] is nonnegative or, equivalently, if T * x ≤ T x for every x ∈ H), normal if T * T = T T * . In [11] the class of * -paranormal operators was introduced. An operator T is said to be * -paranormal iff T * x 2 ≤ T 2 x x , for all x ∈ H, or equivalently, T ∈ B(H) is a * -paranormal iff T * 2 T 2 − 2λT T * + λ 2 ≥ 0, for all λ > 0. Another well-known generalization of hyponormal operators are paranormal operators (see [6] ). An operator T ∈ B(H) is said to be a paranormal iff T x 2 ≤ T 2 x x , for all x ∈ H. The familiar Putnam-Fuglede's theorem asserts that if A ∈ B(H) and B ∈ B(H) are normal operators and AX = XB for some X ∈ B(H), then A * X = XB * (see [12] ). A simple example of a unilateral shift shows that this theorem cannot be extended to the class of hyponormal operators. Let us overwrite the Puntnam-Fuglede's theorem in an asymmetric form: if A ∈ B(H) and B ∈ B(H) are normal operators and AX = XB * for some X ∈ B(H), then A * X = XB. Many authors extended this theorem for several nonnormal classes of operators(i. e. see [4, 7, 8, 9, 13, 14] ).
The organization of the paper is as follows, in Section 2, we consider some properties of * -paranormal operators which will be used in the sequel. In Section 3, we mainly extend the asymmetric Putnam-Fuglede's theorem to the class of * -paranormal operators. This extends the recent results form [2] , [4] and [10] . 
Endowed with the canonical norm, the quotient space K = l ∞ (H)/c 0 (H) can be made into a Hilbert space (see [1] ). The transform H ∋ x → {x} n∈N + c 0 (H) ∈ K is a natural isometric embedding. By [1] there exists an isometric
Lemmas
Lemma 1. Let T ∈ B(H) be a * -paranormal operator and M ⊂ H an invariant subspace of T . Then T | M is * -paranormal as well.
Proof. For * -paranormal operator T ∈ B(H) and x ∈ M we get
where P | M is a projection onto M.
Proof. Let us consider the matrix decomposition
where N = T | M is a normal operator. Operator T is * -paranormal, thus we have
for all x ∈ M. Let us take the Berberian's extension of the operator T . Then the extension T
• has the following matrix decomposition
where N • and A • are the Berberian's extensions of the operators N and A. Let s = [x n ] denote the equivalence class of the sequence {x n } n ⊂ M. By the inequality (1) and Cauchy-Schwarz inequality we get
By the Theorem 1 form [1] we know that the spectrum of normal operator N
• is equal to its point spectrum.
If s is an eigenvector of N • , with an eigenvalue λ, then we have A simple consequence of the above lemma is known property of * -paranormal operators (see [2] ).
Thus (A
Lemma 3. Let T ∈ B(H) be a * -paranormal operator. If an element x ∈ H is such that T x = λx, then T * x = λx.
We will need one more lemma.
Lemma 4. Let T ∈ B(H) be a * -paranormal operator, then the residual spectrum of T * is empty. In particular, the spectrum is equal to the approximate spectrum.
Proof. By Lemmas 1 and 3 each * -paranormal operator is a direct sum of diagonal operator and a * -paranormal operator without point spectrum. Thus let us assume that T has no eigenvalues. Then since ker(λ−T ) = {0}, we have
Main Theorem
Theorem 5. If A, B ∈ B(H) are * -paranormal operators such that AX = XB * , for some X ∈ B(H), then A * X = XB.
Proof. Let X = U |X| be a polar decomposition of X, with U : R(|X|) → R(X) unitary operator. Then the equation AX = XB * is equivalent to A|X| = |X|B * , where A := U −1 AU ⊕ 0 ker|X| . The operator A is * -paranormal. Indeed we have
for each x ∈ R(|X|) and y ∈ ker|X|. Thus it is enough to show that for two * -paranormal operators A, B and a positive operator X such that AX = XB * , the equality A * X = XB holds true. Let us fix * -paranormal operators A, B and positive operator X such that AX = XB * . Hence the subspace R(X) is invariant for A. Since the subspace kerX is invariant for B * , then R(X) is also invariant for B. As a consequence we have the following matrices representations with respect to the decomposition H = R(X) ⊕ kerX. • of the operators A 11 , B 11 , K satisfy the equation (2) A
. But by Lemma 4 we get σ r ((B *
)
• ) = ∅. As a consequence σ r (A
). Moreover, the operator A 
The equation (2) is equivalent to
Thus we can repeat the above argument and show that the operator B 11 is normal and B 12 = 0.
Finally, to show that A * X = XB it is enough to show that A * 11 K = KB 11 , but it is a consequence of the classical Putnam-Fuglede theorem.
The above proof is not dedicate to * -paranormal operators. We can deduce something more. Before that we let put a natural definition.
Definition 6. We say that the operator T ∈ B(H) satisfies the Putnam-Fuglede theorem if and only if for all operators X, N ∈ B(H) such that N is normal and T X = XN , it holds that T * X = XN * .
An important consequence of the proof of Theorem 5 is the following corollary. 
Now let us assume that each invariant subspace M ⊂ H such that T | M is normal, is reducing. In other words Lemma 2 for T is satisfied. Thus Lemmas 3 and 4 are satisfied. If an operator satisfies Lemma 2, then its restriction to some invariant subspace also satisfies. Hence in the proof of Theorem 5, actually we could omit Lemma 1. Moreover, if an operator T satisfies Lemma 2, then U −1 T U satisfies too, for any unitary operator U (see the begining of the proof of Theorem 5).
Finally, Lemma 2 is enough to show that T satisfies the Putnam-Fuglede theorem.
Putnam-Fuglede theorem for paranormal operators modulo Hilbert-Schmidt operators
All powers of hyponormal operator are paranormal (see [3] ), but not necessary hyponormal (see [5, 13] ). In [13] Radjabalipour showed that for each A and B such that A, B * are the same powers of some hyponormal operators, the PutnamFuglede's theorem holds true. In [10] we gave an example of paranormal operator S, a unitary operator U and orthogonal projection P such that SP = P U , but S * P = P U * . This shows that an asymmetric Putnam-Fuglede theorem for paranormal operators does not hold. Here we improve the example to the case that P is onedimension projection, in particular X is a Hilbert-Schmidt operator. 
